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We have analyzed the class of nonlinear second-order equations written as 
Qt = AQxx + F(Qx, Q) with Q = (~) and A, F are, respectively, matrix and vector 
functions depending on Q, Qx, from the point of view of Lie-Backlund vector 
fields. When the vector function F does not depend on Qx, these equation set 
reduces to the coupled diffusion equations discussed by Steeb. But our general- 
ized system encompasses a large class of physically meaning full nonlinear 
equations, such as (i) dispersive water waves and (ii) a completely anisotropic 
Heisenberg spin chain. We also exhibit a new nonlinear coupled system which 
do have nontrivial Lie-Backlund vector fields. Also our approach yields more 
information about the symmetry generators for a wider class of nonlinear 
equations than the function space approach of Fuchsteiner in a much simpler way. 

1. I N T R O D U C T I O N  

Class i f ica t ion  o f  in tegrab le  equat ions  f rom the po in t  o f  view of  sym- 
met ry  s t ructure  forms one o f  the ma in  techniques  o f  analysis  for  the  
non l inea r  equa t ions  (Fokas  and  Fuchs te iner ,  1981). It has a l r eady  been  
obse rved  tha t  non l inea r  equa t ions  of  s e c o n d - o r d e r  e i ther  forms the several  
type  n o n l i n e a r  Schr6d inge r  equa t ions  or  the  ce leb ra ted  diffusion equa t ions  
(Steeb and  Oevel ,  1983). Here  we have obse rved  tha t  it is poss ib le  to 
genera l ize  these  s e c o n d - o r d e r  non l inea r  equa t ions  further ,  so that  these  
inc lude  some  more  phys ica l ly  in teres t ing cases,  such as, an i so t rop ic  
He i senbe rg  sp in  chain ,  d i spers ive  water  waves,  etc. We  have s imul t aneous ly  
d e t e r m i n e d  the  s t ructure  o f  the  equat ions  and  also tha t  o f  the  L i e - B a c k l u n d  
vec tor  fields.  In  this a p p r o a c h  it becomes  eas ier  to fix up  the fo rm of  the  
symmet ry  genera to r s  for  compl i ca t ed  equa t ions  such as A H S C ,  which  has  
been  also t ack l ed  by  Fuchs te ine r  (1979) by  a func t ion  theore t ic  me thod .  
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2. FORMULATION 

Let us denote by Q a two-component vector field, and let us consider 
a set of  coupled equations: 

Q, =AQxx+F(Qx, Q) (1) 

When the Qx dependence of F is neglected we get the generalized class of 
diffusions equations, which has been treated by Steeb et al. In general A 
can also depend on (u, v) but here we consider only constant matrices 

D2, D~/ 

so that the set (1) reads: 

Ut = D1D2+ D~vz+f(u, v, ul, vt) 
(2) 

V~= D2V2+ D~U2+ g(u, v, Ul, I)1) 

In our ensuing computations we will have to consider also various differen- 
tial consequences of  (2). Let us assume that the Lie-Backlund vector field 
is written as 

V = ~7,(u, v) O +  ~Tz(U, v) OvO (3) 

Consideration of invariance for the equations (2) leads to the following: 

LvF = O, LvG = 0 (4) 

where 

F =  Ut-  Dlu2- D~v2- f  "~ 
(5) 

J G Vt -D2v2-D~u2-g  

Lv, denoting the Lie derivative (Ousjannikov, 1982) of  F and G with respect 
to Lie-Backlund vector fields. But for the actual computation of (4) we 
require the extended form of  the Vector fields, which reads 

•  a_2._ + a Vex = 711 Ou ~2 + (Dxrh) Ou, (D,,~2) Ov-~l 

2 O 2 (6) + (D~r ~_~u2 + (D~n2) O 

where Dx stands for the total derivative (Anderson and Ibragimov, 1979) 

0 0 0 
~ + Z  - -  (7) D x - - - - + Y .  u H  v~+l 

OX i Otli i Ol;i 
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So that the equations determining the structure of '171 and 72 are 

- r h f ,  - oTzfv - ( Dxn,) f . ,  - ( Dxrh)f~, - Di  D~ rh 

- D ~ D ~ l z +  Dtrh = 0 (8) 

D2Dxrh  - n l g u - r l 2 g v - ( D ~ n , ) g . , - ( D ~ n 2 ) g ~ , -  ' z 

-- D2(DZx~TZ) + Dt~z = 0 (9) 

3. SOLUTION FOR ( f ,  g) AND 071, r/2) 

Since our equations are assumed to be linear in u2 and v2, we assume 
a linear structure for ~t and r/2 in u3, v3 and write 

'01 = a lu3  + b l / )3+  h(u, Ul, U2, /), ~)1, /)2) 
(10) 

"02 = a2u3 + b2v3 + k(u,  ub u2, v, vl, v2) 

Conditions arising from the coefficients of  u4, v4 are 

f / ) l  = --gg/l~ 

fU l  = g/)l ,  

where we consider the situation 

D1 = DE, al = b2, 

oh - o k  

OV 2 OU 2 

oh OK 

Ou2 Or2 

D~ = -D~ ,  a2 = - b l  

(11) 

f . , . ,u,  = 0 f.,~,v~ = 0 

g,,~u, ul = 0 g,,~ . . . .  = 0 

f,,,.,o~ = 0  fv, ..... = 0  

g"~ut~l = 0 gv ..... = 0 

(14) 

Equations (11) contains information for both the structure of the equation 
and the structure of the symmetry generator. For example we have 

r/1 = a (U, V, UlVl)U2 + f l (  UUl, VVl)V 2 + a l u  3 -- a2v  3 + h '  
(12) 

r/2 = or(U, V, UlVl)/2 2 -- f l (UUt ,  VVl)U2+ a 2 u 3 +  a l v  3 + k' 

Collecting coefficients of  u3, v3, etc. yields 

c, = ,b(u, v ) v l -  ~(u, v)ul  
(13) 

= c~(u, v)u~+,l ,(u,  v )v ,  

Substituting this information in the rest of the equations of (8) and (9) we 
get important conditions for the structure of equations 
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So that we may put 

f =  or(u, v)u2 + ~(u, v)vzl + O(u, v)ulvl 
(15) 

g = or'(u, v)u~+ ((u, v)v~+ O'(u, v)u,vl 

Imparing (11) on (15) leads to 

f =  or(U~ - Vl 2) -- 2or'Ua V, 
(16) t 2 2 g = or ( U l -  /)1) "~ 2orulvl 

Simultaneously we get equations of the following type for h' and K':  

02h ' ,O2k ' - 
D1 Ou 2 + D10u~ - af..~ +/8g~., + 3al[L. l  + Uxfu "~ 01fou, ol] 

- 3a2[g,,ui + ul&,,,~,,, + ulgv .... ] (17) 

Suggesting that 

h'= A(u, v)u 3 + B(u, v)u~vl + C(u, v)ulv~ + D(u, v)v 3 
(18) 

K ' =  A'(u, v)u~+ B'(u, v)u~vl + C'(u, ?.))UlVl2-] - D'(u, v)v~ 

Next  we put the complete structure of 7/1, 7/2 in the determining equations 
(8) and (9) and equating coefficients of u21, v 2, UaVl; we obtain 

2D~[3A- 2B'] = -2az[ oru - or'] 

2D~[ C -3D ' ]  = -2az[-or,, + or'~] (19) 

2D{[2B-  2C'] = -2az[-2or" - 2orv] 

If  we now set for simplicity's sake 

D=D'=O 

a2 , 3 2a2(o%+or.)u~v 1 ,71 = ( or.  - o r o ) U l  + 
D--( 

+_i~l  or'~)ulv~ +[cb(u, /))'01 - I//(u,/))Ul]U2 

+ [~b (u, v)ul + O(u, V)Vl]V2 + alu3 - a2 V3 (20) 

7 2 =  ~ ( o r v + o r ' ) u ~ - ~ ( o r ~  - ' 2 
- -  0"n)I~11) 1 

"1 - -~  (orv ''1- O"tu)/'gl/")l 2''1"- [ • (U,  /))U 1 4" 1//(/~, I))/)I]U 2 

+ [~b(u, v)vl - ~O(u, v)ul]v2+ a2u3 + al V3 (21) 



Lie--Baeklund Vector Fields 323 

W h e n  

f =  cr(u, v)(u 2 -  V 2) - 2~r'(u,/)) Ull) 1 

g = ,7'(u, v ) (u~+ v~)+ 2~(u, v)u lv ,  

So we observe that given any particular choice of  o-, and 
immediately write down the symmetry generators ~7~ and ~Tz. 

Example 1. Let us consider the system of equations 

2(u2-v~)v -4uu lv l  
U t = l~ 2 "+ I + U 2 + V  2 

2(Ul z -  v~)u + 4vu~ t'l 
12 t = - -  U 2 . +  1 + u2+ v 2 

for this system: 

D1 = 0, 

(22) 

~', we can 

(23) 

2v 2u 
D ~ = I ,  o- or'= 

l + u 2 + v  v l +uZ+v 2 

so that it is easy to write down the form of ~71 and */2. It is rather important 
to note this complicated-looking coupled system is not an artificial one, but 
a transformed form of  a very important physical system, and that is the 
famous anisotropic Heisenberg spin chain, written as 

S,= S x S =  + S x J S  (24) 

where S = ~r~S~, J = diag(Jb J2, -/3) along with S~+ S~+ S~ = 1. It is easily 
seen that by the mapping 

2Y 1- tYI  = 
& + i's= = 1 +lY[ --------~' & = 1 + [ Y[-------~ (25) 

it is converted to the form, 

iYt= Y= l + l y l z  ~'(J2-J1) y l2+ 1 i 

yx2/iYi2_1 i) !1YI=-1] + 
4 - ~ ~  + _ -~ 2 IYI2+ l J  

I YI 2-1 
+(-/3 - J1 )  ~ Y (26) 

I f  we now write Y = U+ iV then (26) is nothing but  a coupled set like (8) 
and (9). So one can immediately write down the form of the generators 
from our formulas (21). Equation (23) is a special case of (26) when 
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J2 =-/1 = J3, so that  it is a isotropic Heisenberg spin chain equation.  In a 
recent publicat ion.  Fuchsteiner  has e laborated a Lie-product-based method  
for the A H S C  equation,  but  we feel that our  approach ,  being less sophisti- 
cated and more  straightforward,  is easy to use yet yields the same infor- 
mation.  

Example  2. As a second example we consider  the system 

1 u2+2u lv l  
Ut ~ //2 

2 u + v  
(27) 

1 v21+2ulvl 
l) t = --/22"1 

2 u + v  

for this case a 2 = b I = 0 and a~ = b 2 .  Similar considerat ions as before yield 

Oh Oh oh ok 
0/22 0112 O; --  (28) O tt2 0/2 2 

So that 

7/1 -- al u3 + a(t//gUl/21)u2 + h ( uvul vO 

712 = al/23 + Og (U/2//i/)1)/)2"~- k(u/2t/1/21) 

Proceeding to the second step of  the calculat ion 

(D~ = D~ = 0, D1 = - D 2  = 1) 

2[auul + a~/21] -3a l [u l fuu ,  + vlfou,] = 0 

2[ OluU 1 "~- O@/21] -- 3 a l [  1/lg.u~ + vigors] = 0 

-20__._hh = - 3 a l [ u l f ~ ,  + vaf~,] 
0/21 

Ok 
2 - -  = - 3 a l [ u l g u u  I +/21gvul] 

OUl 

which yields 

So that  

f , ~  = 0 = gu~u~ 

(29) 

(30) 

f = v l p + q ,  g = u l r + s  

Finally we deduce  f ,  . . . . .  = 0 and g~ ..... = 0, which immediately  leads to 

f = f f (  UUl/2) /21+ q (  u , /2)U 2 
(31) 

g ~- ; (U ,  /)1, /2)Ul -{- if(U, /2)'/) 2 
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with a proper  choice of  these functions we can generate now equation (27) 
and the corresponding symmetry generators are determined from (30). 

E x a m p l e  3. Lastly we consider a very important situation; given by the 
case of  the dispersive water waves, written as (Kupershuidt,  1985) 

In this situation we have 

u~ 
ut = - ~- + uul  + v~ 

2 

,0 2 
v, = - ~ -  ( u~ v + uv d  

(32) 

"01 = al u3 + a ( u, v ) u2 + h ( ul v lu l  v l )  

"02 = a1'03 + or(u, v)v 2 + K ( u l v 1 4 u l v l )  

g . , . ,  = g.,~, = O. f . ,~ ,  =y ; ,~ ,  = 0 

These conditions of  f and g are easily satisfied by those in (32). Also we 
obtain .... 

ah 

a k  

dul 

A calculat ion similar to our 

\ ,  

= - 3 a , [ u , f . ~ ,  + v l f ~ , ]  

= 3al[ulg , , , ,  + vlg,,u,] 

previous cases yields 

f =  @(u, v)u~ + ~ ( u ,  v ) v ,  

g = 4;(u, v)u,-4~(u,  v)v, 

4,. = - q , ; ,  6~ = - 0 "  

along with 

(33) 

So we can determine again (f, g) and also (h, k). 

4. DISCUSSIONS 

In the above we made a classification, on the basis of Lie-Backlund 
vector fields, for nonlinear equations of  second order than the diffusion 
equations. The system of  equations discussed are quite general to include 
various physical examples, in each case we have set up the requisite formulas 
for the symmetry generators. 
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